Aims. Numerous trans-Neptunian objects are known to be in mean-motion resonance with Neptune. We aim to describe their longterm orbital evolution (both past and future) by means of a one-degree-of-freedom secular model. In this paper, we focus only on objects with a semi-major axis larger than 50 astronomical units (au). Methods. For each resonant object considered, a 500 000-year numerical integration is performed. The output is digitally filtered to get the parameters of the resonant secular model. Their long-term (Giga-year) orbital evolution is then represented by the level curves of the secular Hamiltonian. Results. For the majority of objects considered, the mean-motion resonance has little impact on the long-term trajectories (the secular dynamics is similar to a non-resonant one). However, a subset of objects is strongly affected by the resonance, producing moderatelyhigh-amplitude oscillations of the perihelion distance and/or libration of the argument of perihelion around a fixed centre. Moreover, the high perihelion distance of the object 2015 FJ345 is plainly explained by long-term resonant dynamics, allowing us to also deduce its orbital elements at the time of capture in resonance (at least 15 million years ago). The same type of past evolution is expected for 2014 FZ71.
Introduction
The orbital distribution of the trans-Neptunian objects is still an open problem, leading to numerous conjectures about the origin and evolution of the external Solar System. In this context, meanmotion resonances with Neptune are known to have played an important role in sculpting this population from its initial distribution (see for instance Malhotra 1993; Duncan et al. 1995; Gomes et al. 2005) . According to numerical simulations, temporary and chaotic resonance captures are the most frequent, but some trappings are sustainable on a Giga-year timescale, in particular when the resonant link leads the small body towards a dynamical region where the semi-major axis cannot diffuse anymore. This happens for instance if the perihelion distance increases during the resonant motion, because this reduces the width of every neighbouring resonance, preventing the object from undergoing chaotic diffusion driven by resonance overlap. The resulting trajectory is quasi-integrable and it can be modelled by a secular-like theory.
Recently, Saillenfest et al. (2016) presented a semi-analytical model designed to accurately describe, and in a plain way, the long-term dynamics of such objects. This model can be seen as a generalisation of the secular theory by Kozai (1985) and its extension by Gallardo et al. (2012) . In order to reduce the system to a single degree of freedom, the key element of the resolution consists in the large separation of timescales between the oscillation of the resonant angle and the precession of the argument of perihelion (adiabatic approximation). Up to now, the application of this model has been made exclusively on distant small bodies (a > 100 au), for which the adiabatic approximation is more relevant. However, only a few trans-Neptunian objects are known with semi-major axes that large, and their orbital uncertainties are necessarily rather high since only a fraction of their orbits has been observed (orbital period > 1000 years). Consequently, the application of a secular model to these objects can only give the long-term dynamics these objects would have if they were in mean-motion resonance with Neptune (Saillenfest et al. 2017) .
In this paper, our goal is to study the long-term evolution of the trans-Neptunian objects known to be in resonance, that is, those for which the uncertainties of the orbital elements are predominantly compatible with a resonant trapping. As presented for instance by Lykawka & Mukai (2007) , these objects are quite numerous and most of them have small semi-major axes (because of the observational constraints). We show here that, fortunately, the adiabatic approximation is also viable for semimajor axes as small as 50 au, even if the two timescales are not as strikingly separated as for a > 100 au. For even closer objects, individual analyses would be required, not only to check the validity of the adiabatic approximation, but also the possible occurrence of secular resonances with the giant planets (Knezevic et al. 1991) , which would also invalidate this model. Consequently, this article focusses on the ∼ 40 currently known resonant trans-Neptunian objects with a > 50 au.
We selected the known resonant trans-Neptunian objects from three reference classifications (Lykawka & Mukai 2007; Gladman et al. 2008 Gladman et al. , 2012 , retaining only the "securely classified" ones with a semi-major axis larger than 50 au. Two recent observation reports were also added: Bannister et al. (2016) present the discovery of 2015 RR 245 , which has a confirmed resonant classification; on the other hand, Sheppard et al. (2016) introduce some objects that are probably resonant or have been strongly affected by a mean-motion resonance with Neptune. This last classification is slightly different, but we chose to add these objects to this study to emphasise the link with recent results focussed on high-perihelion objects. Indeed, the secular model used in this paper proved to be an efficient tool to reveal dynamical paths leading to high perihelion distances and large inclinations. The objects studied in this paper are listed in Tab. 1.
In Sect. 2, we recall briefly the resonant secular model used (Sect. 2.1) and we explain how suitable secular parameters can be obtained from known objects (Sect. 2.2). Then, Sect. 3 summarises our results using a selection of the most representative phase portraits obtained. Most of the objects considered have quite ordinary secular dynamics (Sect. 3.1), but a subset of them evolve near or inside secular libration islands (Sect. 3.2) and one object follows a regular-by-part secular trajectory (Sect. 3.3).
Model and method

The resonant secular model
In this section, we outline the semi-analytical model introduced by Saillenfest et al. (2016) . We consider a massless particle affected by the Sun and N planets, which are supposed on circular and coplanar orbits (typically Jupiter, Saturn, Uranus and Neptune in their invariable plane). The dynamics of the particle are studied in the exterior mean-motion resonance k p : k with the planet p. We introduce the resonant angle:
with k, k p ∈ N and k > k p . In this expression, λ and are the mean longitude and the longitude of perihelion of the small body, and λ p is the mean longitude of the planet p. From the Hamiltonian in osculating coordinates, we get the "semi-secular" dynamical system by a perturbative method to first order. The resulting Hamiltonian can be written as:
where µ is the gravitational parameter of the Sun and n p is the mean motion of the planet p. In that expression, ε K 1 is the numerically computed average of the perturbative part of the osculating Hamiltonian over the short-period angles. The canonical coordinates used can be written in terms of the usual heliocentric Keplerian elements (a, e, I, ω, Ω, M) of the particle:
along with their conjugated angles σ and (u, v) = (ω, Ω). Since the Hamiltonian (2) does not depend on v, the quantity V is a semi-secular constant of motion. The pairs of coordinates (Σ, σ) and (U, u) evolve generally on very different timescales, so we can use the adiabatic approximation to reduce the system to a single degree of freedom. The "secular" Hamiltonian function writes finally:
where (Σ 0 , σ 0 ) represents any point of the level curve of K for (U, u) fixed which encloses the signed area 2πJ. The momentum J is a secular constant of motion, related to the oscillation amplitude of (Σ, σ). It is negative if the particle evolves inside the resonance island. Since the secular system has only one degree of freedom, the dynamics can be described by the level curves of (4) in the plane (U, u) with V and J as parameters. The interpretation of these level curves is helped by the choice of a "reference semi-major axis" a 0 for the resonance considered. Indeed, the constant V can be replaced by:
whereẽ andĨ are called the "reference" eccentricity and inclination. In simple words, these variables are equal to the secular elements of the particle when its semi-major axis is equal to a 0 . Then, the variable U is equivalent to the reference perihelion distanceq = a 0 (1 −ẽ). The level curves of (4) can be plotted in the plane (q, ω) which is much more self-explanatory than its canonical counterpart (U, u).
In the following, this model is applied considering the four giant planets of the Solar System, the mass of the inner ones being added to the Sun. The secular parameters (η 0 , J) of the objects studied in this paper are computed using the method described in the following section. They are gathered in Tab. 1, along with the constants a 0 chosen. The current positions (ω,q) of the objects are also given.
Determination of the secular parameters
In the previous section, we described the changes of coordinates leading to the resonant secular model. The problem is to compute this set of coordinates for a given object, for which only the osculating coordinates are known. The standard procedure consists in digitally filtering the output of a medium-term numerical integration, thus removing the short-period component of the trajectory as we did in the semi-analytical theory. The detailed procedure was introduced by Carpino et al. (1987) and implemented in the OrbFit Software Package 1 . For all the objects studied in this article, a 500 000-year numerical integration was found more than enough to cover the semi-secular oscillations (related to the resonant angle). The numerical integrations were made using the same software package, taking the nominal orbits given by AstDyS database 2 as initial conditions. The four giant planets were integrated consistently and the masses of the inner ones were added to the Sun. The invariable plane of the Solar System was taken as reference plane for the output. We used heliocentric coordinates, as this is the system on which is based the semi-analytical theory 3 . The secular values of (U, V, u) can be directly picked up from the filtered series, whereas the parameter J requires the computation of the area enclosed by the trajectory in the (Σ, σ) plane. Fig. 1 shows some examples of filtered output, with the graphical representation of the corresponding areas 2πJ. In the background, the level curves of (2) with (U, u) fixed at their secular (that is filtered) current values are also plotted in order to assess the validity of the semi-analytical procedure. The filtered trajectories were always found to follow pretty well the level curves, showing that our simplified and averaged model captures The axes are the resonant angle σ from Eq. 1 (rad), and its conjugated momentum Σ from Eq. 3 (au 2 rad/yr). The blue crosses come from the filtered output, whereas the red hatched area is equal to the quantity −2πJ used to construct the secular model. The black lines in the background are the level curves of (2) the essence of the dynamics. The characteristics of the corresponding secular models are gathered in Tab. 1. The oscillation amplitudes of the resonant angles were generally found to be in very good agreement with the values given in Lykawka & Mukai (2007) and Gladman et al. (2012) .
In our numerical integrations, some objects were found outside the expected resonances (blank lines in Tab. 1). Apart from two exceptions, this concerns small bodies reported by Sheppard et al. (2016) which are not classified as "resonant" from their current orbit but from their probable dynamical history. For these objects, a secular model near the resonance could still be developed (in which 2πJ is the area under the curve), or the uncertainties of the nominal orbit could be taken into account to develop a secular model for a "potential" resonant orbit. This will be realised for 2014 FZ 71 .
General results
Typical resonant secular evolutions
Most of the objects studied in this paper are not very affected by their resonant relation with Neptune: this results in a "flat" secular evolution, with circulating ω and almost constantq. Such a secular behaviour is similar to what we would obtain for a non-resonant dynamics (where the only notable features are located at high inclinations). Some examples of level curves of the secular Hamiltonian (4) are shown in Fig. 2 . The graphs are π-periodic in ω. The vast majority of objects studied in this paper follow these typical secular trajectories, with the exception of the objects 135571, 2004 KZ 18 , 2008 ST 291 , 82075, 2015 and 2014 FZ 71 , which we describe in Sects. 3.2 and 3.3. In order to check the validity of the adiabatic approximation, each graph also features a numerical integration of the two-degree-offreedom semi-secular system. As required, the mean trajectory follows a level curve of the secular Hamiltonian. The extra oscillations due to the second degree of freedom are even almost undistinguishable, hidden in the curve width. Fig. 2a presents the most common case: the parameters of the secular model do not allow any peculiar geometry, and the specific level curve followed by the particle has nothing special either. In Fig. 2b , the particle is pushed outside of the resonance island in some portions of its trajectory. This does not affect the overall secular dynamics though, since it re-enters the resonance with a similar parameter J. Finally, Fig. 2c presents a "missed" interesting case: the parameters of the secular model do allow important variations of the orbital elements but the particle is located on a flat level curve, outside of any libration island.
Objects affected by secular libration islands
The object 135571, presented in Fig. 3a , is the only one showing a retrograde circulation of ω. Indeed, it follows a level curve located above the two maxima of the secular Hamiltonian (4). It is also very close to the separatrix: a small chaotic diffusion (or a refinement of the orbital solution) could easily put it inside the secular libration island. The object 2004 KZ 18 , on the other hand, is clearly located in the island (Fig. 3b) . This smooth quasiperiodic trajectory may not be "permanent", however, since it involves small perihelion distances. Indeed, the neighbouring resonances have a large width and a chaotic drift out of the resonance is a serious risk. Figure 3c shows the case of 2008 ST 291 which is associated with a much more distant resonance. The resonant angle σ oscillates in an asymmetric libration island (Fig. 1c) , which results in a secular Hamiltonian with level curves that are also asymmetric. 2008 ST 291 is located inside a secular libration island, confining ω around a fixed value and producing large-amplitude oscillations of the perihelion distance. The object is on the descending part of the trajectory, implying that it has completed at least one cycle (period of about 115 Myrs). However, we note that 2008 ST 291 has still uncertain orbital elements: Sheppard et al. (2016) reported clones evolving from q ≈ 35 to 60 au. These limits can be roughly measured in Fig. 3c , according to the position of the separatrix with respect to the object.
Finally we can also mention the object 82075, presented in Fig. 3d , which does not interact directly with a secular libration island but which is located on a level curve producing rather large variations of orbital elements (circulation of ω and oscillations ofq from about 38 to 44 au).
Article number, page 3 of 9 A&A proofs: manuscript no. AeA_2017 Fig. 2 . Typical examples of phase portraits for the objects studied in this paper. The colour shades represent the value of the secular Hamiltonian (dark/light for low/high), from which can be deduced the direction of motion along the level curves (black lines). The white zones are forbidden by the value of the parameter η 0 (it would require a cosine of inclination larger than 1), and the grey zones are forbidden by the value of the parameter J (the resonance island is too narrow to contain the signed area 2πJ). The green cross represents the current position of the object, and the red curve comes from a numerical integration of the two-degree-of-freedom semi-secular system. The names are written above the graphs (see Tab. 1 for the parameters of the models). On the graph b, the secular trajectory of 79978 forces periodically σ to circulate when the curve enters the grey zone (separatrix crossing). The numerical integration shows that this does not significantly affect the overall dynamics (red curve). The graph c shows that 60621 follows a "flat" trajectory even if the parameters of the model could allow interesting variations of orbital elements. The behaviour of the object 2004 EG 96 (not shown) is very similar to that of 60621, but it follows a level curve much closer to the secular separatrix (lying just above the red curve). A small diffusion of its orbital elements (or a refinement of its orbital solution) could thus put it on a level curve leading to much higher perihelion distances.
Regular-by-part secular dynamics
The object 2015 FJ 345 presents the most interesting secular dynamics. Figure 4a shows that it is currently located in the singleisland region of the 1 : 3 resonance (that is above the "green line"), but on a level curve coming from and leading to discontinuous transitions. Hence, its perihelion distance was probably raised from the double-island region (below the green line), starting much closer to Neptune, on a secular trajectory leading to the transition. The resonant secular model can be used to reconstruct the detailed scenario: following the secular level curve of 2015 FJ 345 backwards (toward the left), its intersection with the grey zone gives its location when it was ejected from the vanishing resonance island. At this point, the total area available in this island gives the parameter J to be used in a secular model describing the previous portion of the secular dynamics. Proceeding this way, we suppose that on a secular timescale, the separatrix crossings can be considered as instantaneous. A chaotic extra change of J should be expected in the real case (depending on the exact phase of Σ and σ at the moment of the crossing), but it is expected to be negligible if the adiabatic approximation is well verified. The area measured is 2πJ ≈ −0.0115 au 2 rad 2 /yr, which is quite small since the separatrix crossing happened near the green line (blue spot on Fig. 4a ). The corresponding previous secular trajectory is shown in Fig. 4b . Surprisingly, we find once again a trajectory coming from and leading to a transition, without any passage to smaller perihelion distances, where the resonance capture with Neptune could have occurred. We use the same method to get the secular trajectory before this second transition (green spot in Fig. 4b ). The level curves of the corresponding secular Hamiltonian are presented in Fig. 4c : we finally get a secular trajectory leading to much lower perihelion distances (at least belowq = 35 au, depending on the exact level curve followed by the particle), where the capture in resonance with Neptune probably occurred.
Since the overall trajectory is rather complicated, Below the green line, the resonance island is doubled (as in Fig. 1c,d ) resulting in asymmetric level curves. Above the green line, only one resonance island remains (as in Fig. 1a,b ) and the level curves are symmetric. If the line is crossed, there can be either a discontinuity (thick green line) if the particle is located in the vanishing island, or a smooth transition (dotted green line) if it is located in the persisting island.
of the two-degree-of-freedom semi-secular system. We started from a position (ω,q) on the level curve of Fig. 4c , as a potential position of capture in resonance with Neptune (black spot). The two separatrix crossings were found to be a bit sensitive to the initial phase chosen for σ and Σ, so we tried different values distributed all along the level curve of the semi-secular Hamiltonian. The grey trajectories in Fig. 5 give an idea of the range of possible behaviours. Roughly half of the integrated trajectories were found to follow qualitatively the scenario from Fig. 4 (the red curve is one example of them). As predicted, the trajectory ends up near the observed position of 2015 FJ 345 , showing that this scenario is dynamically possible. This also gives the timescale involved, which counts in Myrs. In the future, 2015 FJ 345 is expected to go on with these types of transitions, possibly turning back to small perihelion distances. In particular, it is possible that several loops already occurred between its capture in resonance and its observed position. It could also stay in a resonant high-perihelion state for Gyrs if it has triggered a "high-perihelion trapping mechanism" (Saillenfest et al. 2017) . The orbital uncertainties, though, prevent from any definitive conclusion.
As discussed by Sheppard et al. (2016) , such a mechanism is probably also responsible for the high perihelion distance of 2014 FZ 71 even if this object is not found currently in resonance (according to its nominal orbit). Consequently, it could have been left in its current position at the end of Neptune's migration (Gomes et al. 2005 (Gomes et al. , 2008 , or its resonant secular dynamics itself could have pushed it out of the resonance separatrices. We studied this last scenario by a close-to-resonance secular model (Saillenfest et al. 2016 ), but no interaction at all with the reso-A&A proofs: manuscript no. AeA_2017 Fig. 4c . On the right, the evolution of the couple (U, u) is drawn (with q instead of U, obtained by inverting Eq. 3). Several initial phases for (σ, Σ) were tried, leading to secular trajectories diverging at the first separatrix crossing (grey curves). Among them, the red trajectory is in agreement with our backward reconstruction: its second transition occurs on the blue spot, and it passes near the current position of 2015 FJ 345 (to be compared with the level curves from Fig. 4) . On the left, the evolution of the couple (σ, Σ) is represented for the red trajectory (with a instead of Σ). The two separatrix crossings, leading to a change of oscillation island, are easily noticeable. The bottom graph presents the evolution of the area 2πJ for all the trajectories plotted on the right, showing the divergence at the first transition. Even if 2πJ is plotted as a continuous line, remember that its definition changes after each transition (different resonance island). nance was detected (flat level curves). The migration of Neptune set apart, 2014 FZ 71 is thus probably much closer to the resonance than its current best-fit orbit seems to indicate. Actually, the uncertainties are even compatible with a trapping in resonance (as already reported by Sheppard et al. 2016) . As shown in Fig. 6 , the semi-major axis of 2014 FZ 71 can be slightly modified (at the 1-sigma level) to enter the resonance. If we change only the value of a, the minimum area 2πJ in the case of resonance is equal to −0.035 au 2 rad 2 /yr (red hatched region in Fig. 6 ). The corresponding resonant secular model is presented in Fig. 7a : we The uncertainty is compatible with the red hatched area inside the resonance, from which we get a possible value of the parameter J.
The same method was used in Saillenfest et al. (2017) , but it was not restricted to the uncertainty ranges.
get a geometry very similar to what we obtained for 2015 FJ 345 , indicating that an analogous long-term resonant evolution probably occurred. Following the level curve toward the past, the second resonance island has a total area of −0.00205 au 2 rad 2 /yr on the transition line, which gives the secular model represented in Fig. 7b . This time, we directly obtain a trajectory leading to much smaller perihelion distances (∼ 38.5 au), compatible with the numerical experiments by Sheppard et al. (2016) . The parameter η 0 puts a lower limit on the reachable perihelion distance (independently of the separatrix crossings encountered): this limit is equal to about 37 au and corresponds toĨ = 0. This is quite high for a resonant capture (since a diffusion of a is necessary), but that argument was used by Sheppard et al. (2016) to state that 2014 FZ 71 possibly originated in the Scattered Disc.
Discussion and conclusion
A one-degree-of-freedom secular model was used to study the long-term dynamics of the known trans-Neptunian objects in resonance with Neptune, with semi-major axes larger than 50 au. This method allows us to visualise their long-term trajectories in the plane (ω, q), in which the notable features (equilibrium points, libration islands, separatrices) can be located. According to the model, most of them experience virtually no change of perihelion distance, indicating a small influence of the resonance on their long-term dynamics. Indeed, the resonant link can never bring them away from their capture configurations, resulting in unstable transient resonances. This is confirmed for 2015 RR 245 by the detailed dynamical study by Bannister et al. (2016) . If an object was left on a distant resonant trajectory by the late migration of Neptune, on the contrary, the constancy of its secular perihelion distance would be a guarantee of stability (Gomes et al. 2008) .
On the other hand, four objects are located near notable features of the phase portraits: -Locked in the 2 : 5 resonance, 135571 evolves very close to secular libration islands and shows a retrograde (or possibly oscillatory) evolution of ω. -In the same resonance, 2004 KZ 18 is located near the centre of a libration island at ω = 0 (a perfect secular evolution would produce very small oscillations of ω around 0). -The object 82075 (3 : 8 resonance) shows oscillations of the perihelion distance from 38 to 44 au (with circulating ω). -In the more distant 1 : 6 resonance, 2008 ST 291 evolves in a wide asymmetric libration island centred at ω ≈ 117 o , resulting in oscillations of q from 39 to 55 au.
The resonance captures of 135571 and 2004 KZ 18 probably occurred in the lowest part of their secular trajectories (smallest perihelion distances). However, since their dynamics are quasiperiodic, they will regularly return to their entrance configurations, leading to possible expulsions. On the other hand, the minimum perihelion distances reachable by 82075 and 2008 ST 291 seem a bit high to be considered as capture locations. This led Lykawka & Mukai (2007) to classify 82075 as "detached", whereas the orbital uncertainties of 2008 ST 291 prevent us from reaching a definitive conclusion.
The cases of 2015 FJ 345 and 2014 FZ 71 are more complicated (1 : 3 and 1 : 4 resonances). Indeed, they follow secular trajectories leading to separatrix crossings, which makes necessary the use of piecewise secular models. Following the level curves backwards, possible scenarios can be retraced from their capture into resonance to their current positions. They require one or more resonant transitions (passage from one resonance island to the other) and lead to much smaller perihelion distances. However, the separatrix crossings are actually not instantaneous (their exact outcomes depend on the phase at the time of transition), leading to potential trajectories significantly different than the reconstructed ones. This holds especially for these two objects, which present a substantial departure from the adiabatic approximation. Nevertheless, the scenarios presented here are dynamically possible (as shown by numerical integrations): they can be considered as the ones producing the shortest paths from capture into resonance to the observed positions.
The method gives also a precise idea of what type of trajectory can be followed by a given object. This allows us to distinguish which orbits could have been created by a resonant link with Neptune on its current orbit, and which ones have a more complex history (involving the planetary migration or another source of perturbation). The fixed value of V, or equivalently the approximate constancy 4 of √ 1 − e 2 cos I used by some authors (Gomes et al. 2008; Sheppard et al. 2016) , gives only an upper bound for the variations in perihelion distance (white regions in our figures). Indeed, an object could very well be detached, but with a parameter V allowing in principle any eccentricity and inclination. Consider for instance, a particle located on the highest level curve drawn on Fig. 4c .
We did not try to obtain similar graphs for 2004 XR 190 since its location out-of-resonance is securely assessed. Its current position is pretty well explained by an analogous resonant evolution, but occurring during the late migration of Neptune (Gomes 2011) .
Finally, we would like to point out that for all objects except 2014 FZ 71 , the secular parameters were obtained from the nominal orbital solutions (through the filtered numerical integration). 4 Strictly speaking, the quantity √ 1 − e 2 cos I is constant only in a nonresonant secular model. The analogous constant in the resonant case is V = √ µa √ 1 − e 2 cos I − k p /k , but since the particle is trapped in resonance, a is never far from some given value.
A&A proofs: manuscript no. AeA_2017 Consequently, the actual parameters could be quite different, especially for the recently discovered objects. The corresponding changes concern mostly the parameter J, which is sensitive to the initial conditions. For instance, a slight increase of the area |2πJ| leads to a wider coverage of the "grey" zones (on the sides of which separatrix crossings occur). This should not affect our general conclusions, though: for instance, a slight change of orbital elements would leave 2015 FJ 345 in the high-perihelion region and on a trajectory coming from a much lower perihelion distance. If ever it turns out to be currently out of the resonance, the migration of Neptune could also be invoked (same type of trajectory, but in an earlier stage of the Solar System).
